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Coordinate Transforms in 2D

Homogeneous coordinates allow us to unify projective transformations a matrix
multiplication. This includes transformations for:

* Translation

* Rotation

* Sheer

* Scale Changes

* Projective Transformation.

Translation in Homogeneous Coordinates.

X2 = X1 + tx,
y2=y1+ty
X, I 0 t}x
v, |=[0 1 ¢ |y
1 00 1

In tensorial notation:
pE=T28pA forA,B=1,2,3.

Thus T2 is a translation from the A reference frame to the B reference frame.

Rotation
Rotation by an angle of 6 can be written as:

x2 = Cos(0) x1 + Sin(0) y1,
y2 = Sin(0) x1 — Cos(0)y1

In matrix form.

X2 Cos(0) Sin(0) 0)( x1
y2| =|-Sin(0) Cos(0)0]|| y1
1 0 0 1 1

In tensor form: P®=R2 pA
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Translation and Rotation
Combining translation and rotation:

x2 = Cos(0) x1 + Sin(0) y1 + tx
x2 = Sin(B) x1 — Cos(0) y1 + ty

X2 Cos(8) Sin(0) tx\ ( x1
[yzj :[—Sin(ﬂ) Cos(8) ty] [m]
1 0 0 1 1

Note, express the position of the origin of the source coordinates O' in the destination
coordinates.

Scale Change

Change scale by a factor of 1/s:

X, 1 0 0)x
y2|=|0 1 Ofy
1 0 0 s\l

Rotation, translation and scale (s, and s,) in the same matrix

y2 —sx Sin(B) sy Cos(0) ty y1
1 0 0 1 1

[xz] [ sx Cos(0) sy Sin(0) tX] [xlj

x2 = 8xCos(0) x1 + sy Sin(B)y] + tx,
y2 = sySin(B) x1 — sx Cos(B)y1 + ty

Affine transformation (rotation, translation and sheer)

x,\ (a b c\lx

»ni=ld e f|n
1) {0 0 1M1
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Projection between two planes (Homographies)

The projective transformation from one plane to another is called a homography.

A homography is bijective (reversible).

hoh )(x,
h o hy|ly,
o 11

hyx, +hypy, +hy

hyx, +hy,y, +hy,

hy X, +hy,y, +hy,

as a matrix :
X, (wx,
Yo [= (WY | =
1 w
wx
X, = B
w
_ Wy _
Ys =
w

In tensor notation

hyx, +hy,y, +hy,

a I bl

qg = HY Pg = | hihyh3
31313

q p hy h3 h3

ql gz

q YB - q3

Séance 2
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The Camera Model

A "camera" is a closed box with an aperature (a "camera obscura"). Photons are
reflected from the world, and pass through the aperture to form an image on the
retina. Thus the camera coordinate system is defined with the aperture at the origin.

The Z (or depth) axis runs perpendicular from the retina through the aperture.
The X and Y axes define coordinates on the plane of the aperture.

The Pinhole Camera

P=(xy,2)

Axe Optique: > Z

F—>|

Objective
Image

Points in the scene are projected to an "up-side down" image on the retina.
This is the "Pin-hole model" for the camera.

The scientific community of computer vision often uses the "Central Projection
Model". In the Central Projection Model, the retina is placed in Front of the

projective point.
M .
pinhole \/
Retina

We will model the camera as a projective transformation from scene coordinates, S,
to image coordinates, i.

Qi — Mi ﬁs
This transformation is expressed as a 3x4 matrix:

my, m, ms; my
i
M = |my my my my,

S

My Ms, My Ny

composed from 3 transformations between 4 reference frames.
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Extrinsic and Intrinsic camera parameters

The camera model can be expressed as a function of 11 parameters.
These are often separated into 6 "extrinsic" parameters and 5 "intrinsic" parameters:

Thus the "Extrinsic" parameters of the camera describe the camera position and
orientation in the scene. These are the six parameters:

Extrinsic Parameters = (x,y,z, 0, @, y)

The intrinsic camera parameters express the projection to the retina, and the mapping
to the image. These are :

F : The "focal" length
C,, C, : the image center (expressed in pixels).
D,, D, : The size of pixels expressed in pixels/mm.

Coordinate Systems

This transformation can be decomposed into 3 basic transformations between 4
reference frames. The reference frames are:

Coordinate Systems:
Scene Coordinates:

Point Scene: P® = (x5, ¥g, Zg, DT

Camera Coordinates:
external world:  P° = (x¢, Ye, Ze, DT

Retina; Q= Xpyp DT

Image Coordaintes
Image: Q' =(,j, DT

The transformations are represented by Homogeneous projective transformations.
QO =CQ Q' = PP P =1 P
These express

1) A translation/rotation from scene to camera coordinates: T°
2) A projection from scene points in camera coordinates to the retina: P’
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3) Sampling scan and A/D conversion of the retina to give an image: C!

When expressed in homogeneous coordinates, these transformations are composed as
matrix multiplications.

QO =M P=CPTP
We will use "tensor notation" to keep track of our reference frames:
Projective Transforms: from the scene to the retina

Projection through an aperture is a projective transformation

Consider the central projection model for a 1D camera:

A X

X, ///j (Xc: Z¢)
> z

Zc

In camera coordinates:

P°= (X¢, Yc, Zc, 1) 1S a scene point in camera (aperture centered) coordinates
Q" = (Xp, yr» 1) is a point on the retina.

By similar triangles:

X Xe F Zc
F :ZC <= Xr =Xc¢ Zc <= Xr F = Xc

yr Ye F Zc
F Tz < Yr=Ycze = YrF =Yc

Zc

Assume:  w= TF
then: W X = Xc
Wir =Yc
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Zc
w= T
1 00 0)(Xc
, WX 010 0]|ye
As a matrix: Wyr| = 1 Zo
w 00FO0/\

The transformation from Scene points in camera coordinates to retina points is:

1
P
a) [t oo ot
0 =|q,| =[o 1 0 of |-PP
1 P
00 — 1
d; F 1

cy
q-

2
q;
1

W

e

'xr
and |y, |=
1

thus:

Note that P’ is not invertable.

Remark: If we place the origin in the retina:

Xr Xc xc F
F =F+z0 = X=(Ftz)
Which gives:
Xc F Ve F
Xr =(Frzo) o = (Frze)

Zr =O
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and thus : Pc =

S O
S O
Hil— o o
—_ OO

From Scene to Camera

The following matrix represents a translation Ax, Ay, Az and a rotation R.

Ax
R A

T = ’
Az

000 1

The transformation is composed by expressing the position of the source reference
frame in the destination reference frame.

The rotation part is a 3x3 matrix that can be decomposed into 3 smaller rotations.
R=R, (V)R (¢)R(0)

En 3D

Z

R (0) is a rotation around the x axis.

1 0 0
R (6)=|0 cos(6) sin(0)
0 -sin(0) cos(0)

cos(p) 0 —sin(g)

R(p)=| O 1 0
sin(p) O cos(p)

2-9



Projective Camera Models Séance 2

cos(y) sin(y) O
R (y)=|-sin(y) cos(y) O
0 0 1

Scale Change:

We can change the scale of each axis with a scale transformation

s, 0.0 0
1o s, 00
S/ =
“lo 0 s 0
00 01

From the Retina to Digitized Image
The "intrinsic parameters of the camera are F and C, C,, D,, D,

The image frame is composed of pixels (picture elements)

O 0 NCols-1
1 1 1 1 1 1 1 1 1 1 1 1 )
O'-I-T-I_'l_l-_l_'l' = r 1T 71T
L A -k mlm A — - == 4 == d = == 4 == -
N TRY (R N TN B NG NN (DU TR DAY S S
1 1 1 1 1 1 1 1 1 1 1 1 1
-_I-T-I__I-I__I_T_I__I-I_-I_-I_I--
F S TSI T T TS AT T T o
F T T TITTTETIT T TITATETIT T TITT
L A —  mIm 4 —F ml = == A= == 4 ==
N TRY (R N TN B NG NN (DU TR DAY S S
1 1 1 1 1 1 1 1 1 1 1 1 1
-_I-T-I__I-I__I_T_I__I-I_-I_-I_I--
= Tt it Tl Bl i Sl St el Tl Rl Bl el
F T T TITTT e TIT T TITITETIT T TIT T
L A —  mIm 4 —F ml = == A= == 4 ==
NRows-1 [ . NN N

\J

Note that pixels are not necessarily square.

Typical image sizes VGA : 640 x 480
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Sampling and A/D Conversion.

E

[IILITLL

111 1 1 1.1 | N N TN Y Y Y Y U Y Y N O NN I N N | -

The mapping from retina to image can be expressed with 4 parameters:

C,, C, : the image center (expressed in pixels).
D,, D, : The size of pixels expressed in pixels/mm.

1= x/Dj (mm - pixel/mm) + C; (pixel)

J=yrDj (mm - pixel/mm) + C; (pixel)

Transformation from retina to image :

Q= ¢ Q
i Dj 0 Gj) (xr
1 001/\1
That 1s:
wi Dij 0 Cj) (wxr
[Wj] =| 0Dj G| |wyr
w 001/\w
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The Complete Camera Model

P=C PS TSP = M. P

) X
wi y
[WJ] = My ZS
W S
1
and thus
. wi M; - P* W M: - P*
1:? = MSSPS J:V = MSSPS
or

o wi Mi1 Xs+Mi12 Ys + Mi13Zs + M4
L= w = M3 Xsg+M32 Yg+M337Zg+ M3y

W] M2 Xs + M22 Ys + M23 Zs + M4
J = w T M3 Xg+M32 Yg+M337Zs+ M3y
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